
R - 2 2 2 

A N A N A L Y S I S O F T H E M O T I O N O F L I Q U I D S I N A 
P A R T I A L L Y - F I L L E D E N C L O S U R E 

b y 

C h a r l e s H o u l t 

I N S T R U M E N T A T I O N L A B O R A T O R Y 
M A S S A C H U S E T T S I N S T I T U T E O F T E C H N O L O G Y 

C A M B R I D G E 39, M A S S A C H U S E T T S 

A p p r o v e d 
G r o u p L e a d e r 

1 



A C K N O W L E D G M E N T 

I w o u l d l i k e t o e x p r e s s m y t h a n k s t o M r . D . G o l d e n b e r g 
of t h e M . I . T . I n s t r u m e n t a t i o n L a b o r a t o r y . W i t h o u t h i s 
e n t h u s i a s m and e n c o u r a g e m e n t , t h i s note p r o b a b l y w o u l d 
not have been w r i t t e n . A l s o I a m i n d e b t e d t o the f o l l o w i n g 
I n s t r u m e n t a t i o n L a b o r a t o r y p e r s o n n e l : M r . J . T h o r p e w h o 
c o n t r i b u t e d a c a r e f u l , c o n s c i e n t i o u s p r o o f r e a d i n g j o b and 
m a n y h e l p f u l c o m m e n t s , and t h e M e s s r s . R. H u t c h i n s o n , 
E . C . H a n k s and J . Stevens f o r t h e i r m o s t u s e f u l c r i t i c i s m . 

T h i s r e p o r t w a s p r e p a r e d u n d e r the a u s p i c e s o f 
DSR P r o j e c t 52-142, s p o n s o r e d b y the W e s t e r n 
D e v e l o p m e n t D i v i s i o n o f t h e A i r R e s e a r c h and 
D e v e l o p m e n t C o m m a n d t h r o u g h U S A F c o n t r a c t 
A F 0 4 ( 6 4 7 ) - 103. 

T h e p u b l i c a t i o n o f t h i s r e p o r t does not c o n s t i t u t e 
a p p r o v a l b y the A i r F o r c e o f the f i n d i n g s o r the 
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A B S T R A C T 

I n t h i s n o t e , t h e m o t i o n o f t h e f l u i d i n a 
p a r t i a l l y f i l l e d e n c l o s u r e i s a n a l y z e d s u b j e c t t o t h e 
r e s t r i c t i o n s t h a t v i s c o u s e f f e c ts a r e n e g l i g i b l e , t h a t 
the t o t a l m a s s o f f l u i d p r e s e n t and the l o c a l f l u i d 
d e n s i t y a r e b o t h c o n s t a n t s , and t h a t t h e m o t i o n o f t h e 
e n c l o s u r e c o n s i s t s o f s m a l l p e r t u r b a t i o n s f r o m a 
p r e d e t e r m i n e d m e a n m o t i o n . T h e a n a l y s i s i s c a r r i e d 
out u s i n g a f r a m e f i x e d t o the e n c l o s u r e , t h u s m a k i n g 
i t r e l a t i v e l y easy t o t r e a t cases i n v o l v i n g c o m p l i c a t e d 
t a n k g e o m e t r i e s . A s an e x a m p l e , t h e b e h a v i o r o f 
f l u i d i n a r i g i d , c i r c u l a r l y c y l i n d r i c a l t a n k i s i n v e s t i ­
ga ted . T h e r e s u l t s a r e e x p r e s s e d as t r a n s f e r f u n c t i o n s 
a p p l i c a b l e t o m i s s i l e d y n a m i c s . 
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1. I n t r o d u c t i o n and A s s u m p t i o n s 

A . I n t r o d u c t i o n 

T h e d y n a m i c s o f l i q u i d f u e l m i s s i l e s a r e a f f e c t e d s i g n i f i ­
c a n t l y b y the m o t i o n o f the f u e l i n the t a n k s . T h i s m o t i o n has been 
c a l l e d " f u e l s l o s h i n g " . T h e e f f e c ts have been s t u d i e d b y v a r i o u s 
s c i e n t i s t s , and the m a j o r w o r k s i n the f i e l d a r e i n c l u d e d i n the 
r e f e r e n c e s at the end of t h i s r e p o r t . T h e f u e l s l o s h i n g p r o b l e m i s 
a c o m p l e x one and w i l l c o n t i n u e t o be an a r e a of s t u d y f o r s o m e 
t i m e . T h i s r e p o r t i s an a d d i t i o n a l e f f o r t at d e s c r i b i n g the f o r c e s 
and m o m e n t s a c t i n g on a m i s s i l e due t o f u e l s l o s h i n g . 

T h e g e n e r a l p r o b l e m i s so lved f o r a r b i t r a r y tank g e o m e t r y 
s u b j e c t t o the a s s u m p t i o n s dea l t w i t h b e l o w . K i n e m a t i c a l r e l a t i o n ­
s h i p s b e t w e e n v e l o c i t i e s i n the f i x e d and m o v i n g f r a m e s are d i sp layed . 
F r o m N e w t o n ' s second l a w and the a s s u m p t i o n o f z e r o v o r t i c i t y , a 
p r e s s u r e r e l a t i o n s h i p ( 3 - 2 9 ) i s o b t a i n e d . T h e b o u n d a r y c o n d i t i o n s at 
the t a n k w a l l and at the f r e e s u r f a c e y i e l d t w o r e l a t i o n s , ( 3 - 2 8 ) and 
( 3 - 3 3 ) w h i c h , w i t h L a p l a c e ' s e q u a t i o n , d e t e r m i n e the f l o w p a t t e r n . 
T h e f l ow p a t t e r n and t h e p r e s s u r e r e l a t i o n m a y t h e n be i n t e g r a t e d t o 
f i n d the forces and m o m e n t s f o r a p a r t i c u l a r t a n k g e o m e t r y and v e l o c ­
i t y p o t e n t i a l . 

I n the e x a m p l e , b o u n d a r y c o n d i t i o n s f o r a r i g i d c i r c u l a r -
c y l i n d r i c a l t a n k a r e i n c o r p o r a t e d i n t o e q ( 3 - 2 8 ) , ( 3 - 2 6 ) , and ( 3 - 3 3 ) . 
L a p l a c e t r a n s f o r m s o f these equat i ons a r e t a k e n , and t h e n a g e n e r a l 
s o l u t i o n i s o b t a i n e d i n t e r m s of B e s s e l f u n c t i o n s and h y p e r b o l i c 
f u n c t i o n s of e i g e n v a l u e s . T h e c o n s t a n t s a r e e v a l u a t e d b y means o f 
the boundary cond i t i ons and o r t h o g o n a l i t y p r o p e r t i e s of e igen funct i ons . 

T h e L a p l a c e t r a n s f o r m ( 5 - 3 9 ) of t h e p r e s s u r e r e l a t i o n s h i p 
( 3 - 2 9 ) i s t a k e n , and w h e n t h e v e l o c i t y p o t e n t i a l , ( 5 - 3 8 ) , i s i n t r o d u c e d , 
the e x p r e s s i o n s f o r f o r c e s and m o m e n t s m a y be i n t e g r a t e d . T h e s e 
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r e s u l t s a r e w r i t t e n as f o u r t r a n s f e r f u n c t i o n s : 

F z M y M y 

~v ' T ' V an<^ ~ z • y z y 

B . A s s u m p t i o n s 

T h e a s s u m p t i o n s m a d e and t h e i r s i g n i f i c a n c e a r e l i s t e d 
b e l o w : 

(1) T h e f l u i d i s a s s u m e d to be i n c o m p r e s s i b l e . I n 
m o s t p r a c t i c a l cases , the p r e s s u r e g r a d i e n t due t o a c c e l ­
e r a t i o n i s not g r e a t enough t o e f f ec t a p p r e c i a b l e changes 
i n the f l u i d d e n s i t y . T h i s a s s u m p t i o n r e m o v e s the t h e r m o ­
d y n a m i c p r o b l e m s a s s o c i a t e d w i t h the m o r e g e n e r a l case , 
i . e . , the e n e r g y e q u a t i o n ( B e r n o u l l i ' s equat i on ) i s f ound 
b y i n t e g r a t i n g the m o m e n t u m e q u a t i o n . 

(2) T h e t o t a l m a s s o f f l u i d i n t h e t a n k i s a s s u m e d 
t o be c o n s t a n t . E x c e p t f o r l o c a l e f f e c t s i n the n e i g h b o r ­
hood o f the " s i n k " o r d r a i n , the m a s s f l o w r a t e s u s u a l l y 
e n c o u n t e r e d i n r o c k e t r y a r e s m a l l enough t o p r e c l u d e 
the a p p e a r a n c e o f s e r i o u s e r r o r s a r i s i n g f r o m t h i s s o u r c e . 

(3) T h e t a n k s t a t i c p r e s s u r e i s g r e a t enough t o 
p r e v e n t c a v i t a t i o n . Because t h i s i s a d e s i g n c r i t e r i o n , 
t h i s a s s u m p t i o n s e l d o m p r e s e n t s any d i f f i c u l t i e s . 

(4) S u r f a c e t e n s i o n f o r c e s a r e n e g l i g i b l e . H e r e 
a g a i n , the e r r o r s i n t r o d u c e d a r e l o c a l i n scope. O f t e n 
the r a t i o of i n e r t i a , o r D ' A l e m b e r t , f o r c e s t o s u r f a c e 
t e n s i o n f o r c e s i n the r e g i o n o f the f r e e s u r f a c e w i l l be 
h i g h , t h u s j u s t i f y i n g t h i s a s s u m p t i o n . 

(5) V i s c o u s e f f e c ts a r e n e g l e c t e d . W h e n t h i s a s s u m p ­
t i o n i s w a r r a n t e d , i t can be s h o w n t h a t an e n o r m o u s 
m a t h e m a t i c a l s i m p l i f i c a t i o n r e s u l t s , s i n c e the w e l l d e v e l o p e d 
t o o l s o f p o t e n t i a l t h e o r y m a y be b r o u g h t t o b e a r on the 
p r o b l e m . T h e n e c e s s a r y arid s u f f i c i e n t c o n d i t i o n f o r the 
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e x i s t e n c e o f a v e l o c i t y p o t e n t i a l i s t h a t the v o r t i c i t y , i . e . , 
the c u r l o f the v e l o c i t y , v a n i s h e v e r y w h e r e i n the f l u i d . 
I n the case of an u n b a f f l e d t a n k o s c i l l a t i n g w i t h s m a l l 
a m p l i t u d e , t h i s c o n d i t i o n i s v e r y n e a r l y m e t because the 
v o r t i c i t y c o n t r i b u t i o n s f r o m s k i n f r i c t i o n on t h e t a n k w a l l s 
and f r o m s p l a s h i n g on t h e f r e e s u r f a c e a r e b o t h s m a l l . 

T h e p u r p o s e o f b a f f l e s , i t s h o u l d be n o t e d , i s t w o - f o l d : 
f i r s t , s o m e d a m p i n g i s added t o the s y s t e m ; second , the 
n a t u r a l f r e q u e n c i e s o f the v a r i o u s m o d e s a r e a l t e r e d . T h e 
d a m p i n g e f fec t a r i s e s w h e n s o m e of the k i n e t i c e n e r g y o f 
o r d e r e d m o t i o n i s c o n v e r t e d t o k i n e t i c e n e r g y o f r a n d o m 
e d d y i n g , whence i t i s d i s s i p a t e d b y v i s c o u s e f f e c t s . Changes 
i n n a t u r a l f r e q u e n c i e s a r e due t o a l t e r e d t a n k g e o m e t r y . I n 
o t h e r w o r d s , a c o m p l e t e l y i m p e r f o r a t e b a f f l e w o u l d g i v e 
r i s e t o a t o t a l l y d i f f e r e n t p r o b l e m , w h i c h i s , i n m a n y w a y s , 
e a s i e r t o a n a l y z e . A good d i s c u s s i o n o f b a f f l e s m a y be 
found i n r e f e r e n c e (1). 

(6) T h e t a n k m o t i o n i s r e s t r i c t e d t o s m a l l d i s t u r b ­
ances f r o m a z e r o l i f t t r a j e c t o r y . I n a d d i t i o n t o t h e r e a ­
sons d i s c u s s e d above , t h i s p e r m i t s l i n e a r i z a t i o n of the 
b o u n d a r y c o n d i t i o n at the f r e e s u r f a c e . A l s o , v a r i a t i o n s 
i n t h r u s t a c c e l e r a t i o n a r e not p e r m i t t e d because the 
v a r i o u s n a t u r a l f r e q u e n c i e s a r e p r o p o r t i o n a l t o t h i s 
q u a n t i t y , and hence s u c h a v a r i a t i o n w o u l d g i v e r i s e t o 
n o n - l i n e a r e f f e c t s . I n t h e l a r g e m a j o r i t y o f p r a c t i c a l 
cases , the v a r i a t i o n i n t h r u s t a c c e l e r a t i o n i s s m a l l i n 

, the t i m e i n t e r v a l o f i n t e r e s t . 

2. K i n e m a t i c s 

T h i s r e p o r t uses t w o f r a m e s , one f i x e d w i t h r e s p e c t t o i n e r t i a l 
space , the o t h e r f i x e d t o the a x i s o f s y m m e t r y o f the t a n k . A l t h o u g h 
o t h e r s c h e m e s a r e f e a s i b l e f o r u n c o m p l i c a t e d t a n k g e o m e t r i e s , t h i s 
m e t h o d i s g e n e r a l l y t h e s i m p l e s t t o a p p l y i n p r a c t i c e . 
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T h e k i n e m a t i c a l r e l a t i o n s h i p s used a r e those d e r i v e d i n r e f (2 ) , 
o r any s i m i l a r t e x t . T h e y m a y be w r i t t e n as f o l l o w s : 

TT = V + ~ + q + u X " R , and (2-1) 

^ = A + + CT X q + ^ [ u X R ] ( 2 - 2 ) 

H e r e the c r o s s p r o d u c t i s d e f i n e d i n the u s u a l w a y . I t s h o u l d be 
r e m a r k e d t h a t i n f l u i d m e c h a n i c s the d e r i v a t i v e s and 

dq 
a r e 

dt dt 
u s u a l l y w r i t t e n as 

4 ? • T J F • f + l U . V l T I . and (8-3) 

ff• T 3 - S + < 2 - 4 > 

because the d i f f e r e n t i a t i o n i s p e r f o r m e d w h i l e f o l l o w i n g a s p e c i f i c 
f l u i d p a r t i c l e . T h e e x p r e s s i o n s f o r s u c h " s u b s t a n t i a l " d e r i v a t i v e s 
m a y be found f r o m the c h a i n r u l e f o r p a r t i a l d e r i v a t i v e s . 

A s a p a r t o f the k i n e m a t i c a l d e s c r i p t i o n o f t h e p r o b l e m an 
e q u a t i o n f o r the c o n s e r v a t i o n o f m a s s m u s t be w r i t t e n . T h i s e q u a ­
t i o n , o f t e n c a l l e d the " e q u a t i o n of c o n t i n u i t y " , i s o f the s a m e f o r m 
i n b o t h f r a m e s : 

V • U = 0, o r ( 2 - 5 ) 

V • q = 0 . ( 2 - 6 ) 

T h i s r e s u l t i s v a l i d o n l y f o r an i n c o m p r e s s i b l e f l u i d , i . e., 

p = c p n s t a n t . ( 2 - f ) 

* T h e t e r m s , A + a, a r e the a c c e l e r a t i o n of t h e o r i g i n of the m o v i n g 
f r a m e as m e a s u r e d i n i n e r t i a l s p a c e and t h e n r e s o l v e d i n t o the a p p r o ­
p r i a t e c o m p o n e n t s i n the m o v i n g f r a m e . T h e s e c o m p o n e n t s w o u l d be 

+ ^ + u " X ( 7 + !/) i f a l l q u a n t i t i e s w e r e m e a s u r e d i n the 

m o v i n g f r a m e . 
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3. D y n a m i c s 

A . T h e P r e s s u r e R e l a t i o n s h i p 

N e w t o n ' s Second L a w , w h e n w r i t t e n f o r the b o d y - f i x e d 
f r a m e t a k e s the f o r m , 

F - ( p d V o l ) ^ = ( p d V o l ) g - V p ( d V o l ) , o r ( 3 - 1 ) 

f = ? - ^ 7 p =A+a+^ + w X q + - i . [uXR] . ( 3 - 2 ) 

H e r e o n l y the p r i n c i p a l d i a g o n a l t e r m s i n t h e s t r e s s t e n s o r a r e 
u s e d ; t h e o f f - d i a g o n a l t e r m s ^ w h i c h a r e due t o v i s c o s i t y , a r e i m ­
p o r t a n t o n l y i n the b o u n d a r y l a y e r and s u c h p l a c e s . W h e n these 
v i s c o u s t e r m s a r e n e g l e c t e d , K e l v i n ' s t h e o r e m s t a t e s t h a t the c i r ­
c u l a t i o n a r o u n d a c l o s e d c o n t o u r c o n s i s t i n g of a g r o u p of p a r t i c l e s 
r e m a i n s c o n s t a n t . I f we p r e s u m e z e r o i n i t i a l c i r c u l a t i o n f o r a l l 
such p a t h s , t h e n i t f o l l o w s t h a t t h e v o r t i c i t y m u s t a l w a y s v a n i s h , o r 

7 X U = 0 . ( 3 - 3 ) 

T h i s i n t u r n i m p l i e s t h a t U - V i s the g r a d i e n t o f a s c a l a r 
p o t e n t i a l , <j). 

U - V = v +"q + w X R ^ . ( 3 - 4 ) 

T h e a u t h o r r e a l i z e s t h a t t h e above d i s c u s s i o n i s but a b r i e f 
o u t l i n e o f s o m e o f t h e m o s t i m p o r t a n t m a t e r i a l i n the f i e l d o f h y d r o ­
d y n a m i c s . F o r th o se i n t e r e s t e d i n a m o r e d e t a i l e d d i s c u s s i o n , the 
f i r s t f i v e c h a p t e r s o f L a m b , r e f ( 9 ) , i s c o n s i d e r e d t o be one o f t h e 
bes t d i s s e r t a t i o n s on h y d r o d y n a m i c s a v a i l a b l e . 

T h e nex t s tep i s t o m a n i p u l a t e e q u a t i o n s ( 2 - 5 ) , ( 2 - 6 ) , ( 3 - 2 ) , 
( 3 - 3 ) , and ( 3 - 4 ) i n s u c h a m a n n e r as t o enable us t o i n t e g r a t e e q u a ­
t i o n ( 3 - 2 ) w i t h r e s p e c t t o the t h r e e s p a t i a l c o o r d i n a t e s . 
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F r o m ( 3 - 3 ) and (2-1) i t f o l l o w s t h a t 

V X U = V X V + 7 X y t 7 X q + 7 X [u X R ] = 0 ( 3 - 5 ) 

N o t i n g t h a t V and v a r e f u n c t i o n s o f t i m e a l one , ^7 X V and 7 x v 
v a n i s h , l e a v i n g , 

7 X q = 

V X q = 

-V X [ U X R ] 

- [ V • R ] u + [ u • V ]R 

- 3 u + u . 

- 2w 

( 3 - 6 ) 

( 3 - 7 ) 

T h a t i s , the v o r t i c i t y as seen i n the b o d y - f i x e d f r a m e i s s u c h t h a t i t 
c o u n t e r b a l a n c e s t h e a n g u l a r m o t i o n o f the f r a m e . 

We next i n v e s t i g a t e the C o r i o l i s a c c e l e r a t i o n t e r m , io X q. 

2 u X q = - [ V X q ] X q = q X [ y X q ] . ( 3 - 8 ) 

D i r e c t e x p a n s i o n o f the x c omponent (the o t h e r t w o a r e s i m i l a r ) 
shows t h a t 

2 u X q^> j q y 

A d d i n g and s u b t r a c t i n g q. 

" 3 q y H x 
-dx 9 y J ~ q

z h -3z dx 1 1 . ( 3 - 9 ) x 

9q x 
x 9x i n s i d e the b r a c k e t r e s u l t s i n 

2u Xq^» 
3q. 8q 9q 

1 ^ + Q Y. + Q i 
*x ax q y dx q z dx 

a q a q a q x 

1 

o r t h a t 

2 u x q = V [ | q 2 ] " [ q • v j q . 

-•J 
(3.-10) 

(3-11) 

N o t i n g t h a t 

= y + q + u x R ( 3 - 4 ) 
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e q u a t i o n (3-11) b e c o m e s 

2 w X q = V [ | q 2 ] - [ q » V ] [ v l - i ? - u X R ] , o r ( 3 - 1 2 ) 

2U X q = V ^ q 2 ] - [ q « V ] K 7 tf-tfXR] . 

E x p a n s i o n o f the t e r m [ q » ^ 7 ] [ u X R ] as b e f o r e 
l eads to 

[ q . v ] [ w x R ] ^ > C q X a | + q y a | + q z a | - ] f e j y
z - w z y ] ~ x < 3 - 1 3 > 

T h e e x p a n s i o n o f the y a n d z c o m p o n e n t s i s s i m i l a r . 

[ q » V ] I w X R ] = w X q . ( 3 -14 ) 

T h e C o r i o l i s a c c e l e r a t i o n now b e c o m e s 

_ _ i 2 

2 w x q = v L 2 ( i 3 - l q » v ] v 0 + [ q • V H U X R ] ( 3 - 1 5 ) 

1 2 _ 

= V [ 2 q J " [q » V ] <̂  + w X q , o r 

w X q = q 2 J " [ q » V ] V 0 • ( 3 -16 ) 
S i m i l a r m a n i p u l a t i o n s enable us t o e x p r e s s the a n g u l a r 

d_ 
dt 

a c c e l e r a t i o n t e r m , - t H U X R ] , as 

| [ W X R ] = | [ V f ^ - q ] , o r (3-17) 

| [ « X R ] = | [ V f q ] + y X [ V * - q ] " a , o r (3-18) 

| [ W X R ] = | v ^ + [ q . y ] V * - § + u X [ V 0 - q ] - a . (3 19) 
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We now s u b s t i t u t e equat i ons (3-16) and (3-19) i n t o e q u a t i o n ( 3 - 9 ) . 
I t f o l l o w s t h a t 

7 p ^ A - g + | [ q » V ] V * + u x and ( 3 - 2 1 ) 

- ^ • ^ 7 p = A - g + - ^ V ^ + ^ 7 C - | q 2 J + u X [ V # - q ] . ( 3 - 2 2 ) 

A s s u m i n g i n t e r c h a n g e a b i l i t y of t h e o r d e r of p a r t i a l d i f f e r e n ­
t i a t i o n i s v a l i d , the m o m e n t u m e q u a t i o n m a y be w r i t t e n as 

- - \ 7 p = V [ | q 2 ] + + A - g + u X [ y + y X R ] . ( 3 - 2 3 ) 

A+a+ § 9 + « X q + | + [ q . y ] V < ^ ( 3 - 2 0 ) 

§ ? +w X [ y ^ - q ] - a , o r 

Since any body m o v i n g i n a g r a v i t a t i o n a l f i e l d has a t e r m , 
+ g , c o n t a i n e d i n A , i t i s a p p a r e n t t h a t the d i f f e r e n c e , A - g, i s the 
t o t a l s p e c i f i c f o r c e , o r i n the case o f a z e r o l i f t t r a j e c t o r y , the 
t h r u s t a c c e l e r a t i o n , "a t . W i t h t h i s r e s u l t , e q u a t i o n ( 3 - 2 3 ) m a y b e 
w r i t t e n i n the f o r m , 

V ^ + | q 2 + | f + ~ a t . R - v ( w X R ) - - | w
2 R 2 + 2 ( w . R ) 2 | = 0 . 

( 3 - 2 4 ) 

A f t e r i n t e g r a t i o n w i t h r e s p e c t t o the t h r e e s p a t i a l c o o r d i n a t e s , i t i s 
f ound t h a t 

p = - p { - | q 2 + |^ +lt.R-v (w X R ) - | u 2 R 2 + - | ( w . R ) 2 + C ( t ) } .. 
( 3 - 2 5 ) 
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w h e r e C ( t ) i s the f u n c t i o n of i n t e g r a t i o n . Since C ( t ) m a y be 
i n c o r p o r a t e d i n t o $ w i t h o u t a l t e r i n g the f l o w p a t t e r n o r the f o r c e s 
and m o m e n t s e x e r t e d b y the f l u i d on the t a n k w a l l s , i t i s h e r e a f t e r 
o m i t t e d . 

B . T h e F l o w P a t t e r n 

T h e s o l u t i o n f o r the f l o w p a t t e r n i s found b y s o l v i n g 
L a p l a c e ' s e q u a t i o n sub j e c t t o c e r t a i n b o u n d a r y c o n d i t i o n s . We o b t a i n 
L a p l a c e ' s e q u a t i o n b y s u b s t i t u t i n g e q u a t i o n ( 3 - 4 ) i n t o e q u a t i o n ( 2 - 5 ) . 
T h a t i s , 

V 2 < £ = 0- ( 3 - 2 6 ) 

T h e b o u n d a r y c o n d i t i o n at the t a n k w a l l i s t h a t the f l u i d 
v e l o c i t y n o r m a l t o the t a n k w a l l i s z e r o . f ( x , y , z , t ) = 0 i s the 
e q u a t i o n of t h e t a n k w a l l , t h i s c o n d i t i o n m a y be w r i t t e n as 

q • V f = - f £ , f o r * ( 3 - 2 7 ) 

( V * - v - u X R ) . V f = -•§[ , o r 

V ^ ' V f = w X R • V f + F « V f ~ J£ ( 3 - 2 8 ) 

S i m i l a r l y , the b o u n d a r y c o n d i t i o n at the f r e e s u r f a c e i s 
t h a t the p r e s s u r e i s a c o n s t a n t . I f o n l y s m a l l p e r t u r b a t i o n s f r o m 
the a s s u m e d m o t i o n a r e c o n s i d e r e d , i . e. , ? i s s m a l l , t h e n the 
h i g h e r o r d e r t e r m s i n e q u a t i o n ( 3 - 2 5 ) m a y be n e g l e c t e d , y i e l d i n g 

J B = - a t x - J 4 . ( 3 - 2 9 ) 

^The f l u i d v e l o c i t y n o r m a l t o the s u r f a c e i s q • J . . . . . S ince f=0 , 
J M |Vf| 

- • V f + -7^- = 0. Hence the s u r f a c e v e l o c i t y n o r m a l 

8f 

t o i t s e l f 1 B _ . _ - - p ^ . 
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D i f f e r e n t i a t i n g e q u a t i o n ( 3 - 2 9 ) a n d r e t a i n i n g o n l y the f i r s t o r d e r 
t e r m s r e s u l t s i n 

£ < f > " - J - | J - [ q . v ] | f - 0 . o r (3 -30 ) 

,2 3 0 A 3? 
¥r + a r - s r f - = at 2 1 a f 3 t 

0 • (3 -31) 

I n d e r i v i n g equat i ons (3-29)and (3-3]) i t has been a s s u m e d t h a t the 
x a x i s o f the m o v i n g f r a m e i s a l i g n e d w i t h t h e u n p e r t u r b e d f l i g h t 
p a t h . I n t h i s s i t u a t i o n o n l y the x c omponent o f "a^ does not v a n i s h . 

T h e r e a l s o e x i s t s a k i n e m a t i c a l r e l a t i o n , n a m e l y 

q x = f = 3 i - x - V + u z y • ( 3 " 3 2 ) 

f 
S u b s t i t u t i n g e q u a t i o n (3-33 i n t o (3-31) g i v e s the f i n a l r e q u i r e d r e s u l t , 

i ^ + a t l x - = a t [ l / x + V - U
Z

y l - ( 3 " 3 3 ) 

F u r t h e r m o r e , t h i s c o n d i t i o n m a y be a p p l i e d at the u n p e r t u r b e d f r e e 
s u r f a c e p o s i t i o n , x = - h . T h i s m a y be s h o w n b y o b s e r v i n g a T a y l o r ' s 
e x p a n s i o n o f the f o r m , 

| | ( - h + ? , y , Z , t ) = | | ( - h , y , z , t ) + ? | - | ( - h , y , z , t ) ( 3 - 3 4 ) 

1 2 3 ̂  (b 

+ y § — * ( - h , y , z, t ) + h i g h e r o r d e r t e r m s , 
3x 

and n o t i n g a g a i n t h a t § i s a s m a l l q u a n t i t y . 
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4 . S u m m a r y o f the G e n e r a l P r o b l e m 

T o f i n d the f o r c e s and m o m e n t s e x c i t e d b y a m o v i n g 
t a n k one f i r s t d e t e r m i n e s the f l o w p a t t e r n u s i n g e q u a t i o n s : 

V 2 0 = 0, ( 3 - 2 6 ) 

• V f = u x R - V f + F - V f - | ( 3 - 2 8 ) 

^ + ^ - M » x + V B . y l ( 3 " 3 3 ) 

T h e l o c a l p r e s s u r e m a y t h e n be f ound f r o m the e q u a t i o n 

J U - a . x - l f (3 -29) 
p t dt 

P r o p e r l y w e i g h t e d i n t e g r a t i o n t h e n y i e l d s the r e q u i r e d 
f o r c e s and m o m e n t s . 
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5. A n E x a m p l e 

A . The F l o w P a t t e r n 

A s an e x a m p l e , w e now c o n s i d e r the case of a 
p e r f e c t l y r i g i d , c y l i n d r i c a l t a n k o f c i r c u l a r c r o s s - s e c t i o n w h i c h 
i s s i m u l t a n e o u s l y u n d e r g o i n g p i t c h i n g and v a r i a t i o n i n the angle 
o f a t t a c k . T h i s i s the same p r o b l e m as t h a t of r e f (8) except t h a t 
p i t c h i n g m o t i o n i s now p e r m i t t e d . W e note t h a t , because o f s y m ­
m e t r y , the y a w i n g , s i d e s l i p p i n g t a n k p r e s e n t s a s i m i l a r p r o b l e m . 

F i g . 1 E x a m p l e 
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N o t i n g t h a t 

v = v = u = u = 0 , ( 5 - 1 ) y x x z 

we m a y f o r m u l a t e the r e q u i r e d b o u n d a r y c o n d i t i o n s . On the t a n k 
b o t t o m , i . e . , at x = - h — , e q u a t i o n (3-28) b e c o m e s 

= UyZ = u^r s i n 0 . ( 5 - 2 ) 

On the t a n k w a l l , at r = a, we have 

-|£ = [T c o s G + T s i n e W u zT - u x ! + i / T ] . ( 5 - 3 ) 3 r 1 y z J l y x y z z z J v 

A f t e r s i m p l i f i c a t i o n , e q u a t i o n ( 5 - 3 ) i s 

= [ - u x + i / ] s i n 0 . ( 5 - 4 ) o r y z J 

I n c y l i n d r i c a l c o o r d i n a t e s , L a p l a c e ' s e q u a t i o n ( equat i on [3-26] ) 
i s 

+ I 1 4 + 1 d | + 3 ! i = o . ( 5 - 5 ) 
8 r 2 r 9 r r 2 BO2 6 x 2 

I n o r d e r t o use a r b i t r a r y i n p u t s , i t i s c onven ient t o t a k e 
the L a p l a c e t r a n s f o r m of the above e q u a t i o n s . A s s u m i n g t h a t a l l 
i n i t i a l c o n d i t i o n s a r e z e r o , e.g, v ( t = 0 ) = 0, i t f o l l o w s t h a t 

i V + I ^ + l ^1 + H = o . ( 5 - 6 ) 
e r 2 r a r r 2 bd2 3 x 2 

30 = 
—-£ = u r s i n 
3x y 

0, x = - h m 

7rpa 
2 ' ( 5 - 7 ) 
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|£ = [-(0 x + v ] sine , r = a , ( 5 - 8 ) 

and f r o m (3 -33) 

s26 + a + | ^ = aw r s i n Q , x = - h , ( 5 - 9 ) 
Y t 3x t y 

w h e r e the double b a r i n d i c a t e s the t r a n s f o r m e d q u a n t i t y . 

T o s o l v e e q u a t i o n ( 5 - 6 ) a p r o d u c t s o l u t i o n o f the 
f o r m , 

JT= X ( x ) R ( r ) T ( 0 ) , (5-10) 

i s a s s u m e d . W h e n e q u a t i o n (5-10) i s s u b s t i t u t e d i n t o e q u a t i o n ( 5 - 6 ) , 

the r e s u l t i n g e q u a t i o n i s 

I EL 2 ^ = 1 d^R X dR _ ± _ d 2 T , 2 m 

X d x 2 ~ ~ R d r 2 " R r d r " r 2 T d 0 2 ( } 

I t f o l l o w s f r o m t h i s t h a t X i s g i v e n b y 

X = C j s i n h ( k x ) + C 2 c o s h ( k x ) , k * 0 (5-12) 

X = C 3 x + C 4 , k = 0 (5-13) 

S i m i l a r l y , 

i L d?R + £ d E + k 2 r 2 = _ ± d^T = n 2 ( 

R d r 2 R d r + r T d Q 2 n ' < b i 4 > 

and t h e r e f o r e 

and 

T = C 5 c o s ( n 0 ) + C 6 s i n ( n 0 ) , (5-15) 

R - C „ J ( k r ) + C Q Y ( k r ) , k * 0 (5-16) < n o n 

R = C g r n + C 1 Q r " n , k = 0 . (5-17) 
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T h e m o s t g e n e r a l s o l u t i o n i s a s u p e r p o s i t i o n o f the k = 0 and 
k *0 s o l u t i o n s . 

% = [c 5 cos (n0) + C 6 s i n (n0)J j j c 3 x + c j c g r 1 1 + C 1 0 r " n j 
(5-18) 

[ C l S i 
+ 1 0 , 3 ^ ( k x ) + C r ) c o s h (kx ) C ? J n ( k r ) + C 8 Y n ( k r ) 

I n o r d e r t h a t e q u a t i o n (5-18) s a t i s f y e q u a t i o n ( 5 - 8 ) , we have 

| | = |c 5 cos(n0) + C 6 s i n ( n 0 ) M |C 0 x + C nfl>] {[c 3x + C 4 ] n [ c 9 a n - 1 - C 1 0 a - n - 1 ] 

+ J C j S i n h ( k x ) + C 2 c o s h (kx ) j j C ? J ^ (ka) + Cg (ka) 

"to X + V 
y z 

s i n 0 (5-19) 

I t i s a p p a r e n t t h a t =_ C ^ Q = Cg = 0 ; the l a t t e r t w o c o n s t a n t s m u s t 
v a n i s h i n o r d e r t h a t w i l l be f i n i t e at r = 0 . A l s o , 

dr 

n = 1 

C X n C c = '6 9^3 _ u y 

6 9 4 z 

J l (ka) = 0 

( 5 - 2 0 ) 

( 5 - 2 1 ) 

( 5 - 2 2 ) 

( 5 - 2 3 ) 

We denote the r o o t s o f e q u a t i o n ( 5 - 2 3 ) b y Xn 

k = ( 5 - 2 4 ) 
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R e f ( 8 ) g i v e s 1. 84 , 

5 .335 , 

A 3 = 8 .535 , e t c . 

T h e g e n e r a l r e l a t i o n f o r the p o t e n t i a l i s now 

<f> - s i n 0 < r [ - U y X + i / z ] 

00 -v 

+ I Jl{\i)[\Sinh %COSh ( X n l ) ] 
n = l -

( 5 - 2 5 ) 

( 5 - 2 6 ) 

We now a p p l y the b o u n d a r y c o n d i t i o n at the t a n k 
b o t t o m , e q u a t i o n ( 5 - 7 ) : 

= (J r s i n 0 = s i n 0 < - w r 
3x y 1 y 

+ l ¥ j i ( U > [s c o s hM h +— 2)-v i n h^( h + J^)]} 
1 N 7rpa ' 2 N 7rpa 1 J 

( 5 - 2 7 ) 

00 

2 \ * - l k - h f e ) [V° S h ^ ( h + J I 4 ) - V l n h l K h + - 2 - ) ] 
J Lri, x ' 1 N 7TPa 7 2 x wpa ' n - 1 F 

( 5 - 2 8 ) 

We now use the o r t h o g o n a l i t y p r o p e r t y o f t w o e i g e n -
f u n c t i o n s t o f i n d a r e l a t i o n b e t w e e n C n and C n . B y n o t i n g c e r t a i n 

1 2 
u s e f u l r e l a t i o n s i n r e f ( 5 ) and r e f ( 7 ) , i t i s f ound t h a t 

a 

f r h i \ i ) h ( Y ^ d r ' - % 1 2 ^ 2 ^ i 2 - ^ J i 2 ( V • ( 5 " 2 9 ) 

w h e r e 6.. i s K r o n e c k e r ' s d e l t a . 
J 
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I t i s a l s o found t h a t 
a 

f r 2 j l ( A i i ) d r = X 2 J i U i ) • ( 5 " 3 0 ) 

W h e n these r e s u l t s a r e a p p l i e d t o e q u a t i o n ( 5 - 2 8 ) , i t 
f o l l o w s t h a t 

[ C n i = o s h i n ( h + ; i | 2 ) . C n 2 S i n h ^ ( h + - )] , 
( 5 - 3 1 ) 

o r 

c n 2 = ^ c c h ^ h ^ ) - _ _ « « L * . 
X n ( X n

2 - l ) J [ ( X n ) s i n h , ) 
7Tpa 

(5 -32 ) 

T h e p o t e n t i a l i s now 

<j> = s i n 0 - j r (-WyX + y z ) ( 5 - 3 3 ) 

"2, J i ( X n i ) [ c n i s inh ( X n f ) + C n l c o t h ^ h + - m - ^ c o s h a n f ) ] 

00 

+ 

n = l 

2— x 4a c o s h ( X n - g - ) 

X n ( X n ^ - D J ^ X n ) s i n h - £
n ( h + - ^ L _ Y 

7Tpa^ 
ft. 
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T h e f i n a l b o u n d a r y c o n d i t i o n , e q u a t i o n ( 5 - 9 ) , s p e c i f i e s 
c o n d i t i o n s on the f r e e s u r f a c e . W h e n e q u a t i o n ( 5 - 3 3 ) i s s u b s t i ­
t u t e d i n t o e q u a t i o n ( 5 - 9 ) and r e a r r a n g e d the r e s u l t i s 

s 2 r ( t 3 y h + i 7 z ) - 2 a t r S y ( 5 - 3 4 ) 

+ s 2 f i L x n £ ) _ r C n i c o s h f V ^ V l ^ y c o s h ( x ^ ) l 
n ^ s i n h ^ l ( h + _ i | 2 ) L V p a < V X n ( X n 2 - l ) J l ( X n ) J 

V a J l ^ n - i l r J V n ) + 4 a 2 5 y s i n h ( X n | ) l = Q > 

^ s i n h ^ h + m L \ p a 3 > X ^ - D J ^ ) J 

o r 

r [ 2 a t u y - s 2 ( 3 y h + ^ z ) ] - ( 5 - 3 5 ) 

n = l a * upa.^'v" 

+ 

A g a i n the o r t h o g o n a l p r o p e r t i e s o f the e i g e n f u n c t i o n s 
a r e u s e d . T h e r e s u l t i n g e q u a t i o n f o r C n ^ i s 

3 
J i ( X n ) [ 2 a t U y - s 2 ( W y h + ° z ) ] - ( 5 - 3 6 ) 

i H ^ h n
2 - l ) J i 2 ( X n ) f r / x \ / X „ m \ l 

— >- ~ « C n i s 2 cosh( A n m ) + a , ^ n s i n h A n ™ ) 1 
s i n h ^ 2 ( h + - i n - 2 \ j n U % p a 3 ' t a V ^ / J 

4 a 2 u „ 
+ X n ( X n

2 - l ) J 1 ( X n ) 
[ a t ^ s i n h ( x n A ) - s 2 c o s h ( x J 
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Hence , 

C n , . = r - : ™ * ^ T . ( 5 - 3 7 ) 
^ ( X n ^ D J ^ t s Z c o s h / ^ ) a . ^ s i n h f ^ ) ] 

X | [ 2a t ^ . 8 2 ( ^ h + 7 z ) ] s i n h - ^ ( h + _ E | 2 ) 

- ^ [ a t ^ S 1 n h ( X n ^ ) - S 2 c o s h ( A n # ) j ] . 

T h e c o m p l e t e v e l o c i t y p o t e n t i a l i s now found b y s u b s t i t u t i o n . 

I t i s 

<j> = s i n 0 ^ r ( - t o x + v z ) ( 5 - 3 8 ) 

oo 2aJ x ( A n X ) a = 

+ / o ^ - 2 T ~ UvCosh X j , — ) 

cosh - ^ l ( x + h ^-^2 ) / = a h h 

+ ^ r r ^P3" . ( 2 u JS 2 t — cosh (X n - o ) - a. s inh ( Xy,— ) j 
2 / X n m » , A n . U / X n m \ yL A„ \ I l a / t » t i a / J s coshi 3. o) + a + —tisinh(_£L.oJ n 

v 7i p a d 1 a 71-pa13' 

+ [ 2 a ^ y - s 2 ( U y h + ^ ) ] s i n h ^ ( h + ^ 2 ) ) j ] ' 
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B . F o r c e s and M o m e n t s 

I n a s m u c h as the f o r c e s and m o m e n t s e x e r t e d b y the f l u i d 
on the t a n k w a l l s a r e f ound by i n t e g r a t i n g t h e p r e s s u r e , an i n s p e c t i o n 
o f e q u a t i o n (3-29) i s i n o r d e r . I t i s c l e a r t h a t the a^x t e r m causes no 
s i d e w i s e d i f f e r e n c e i n p r e s s u r e , and hence no net f o r c e o r m o m e n t . 
T h u s we a r e l e d t o the w o r k i n g f o r m o f e q u a t i o n (3-29) , 

the i n t e g r a t i o n b e i n g t a k e n o v e r t h a t p a r t of the t a n k w a l l w h i c h i s 
i m m e r s e d . S u b s t i t u t i n g equat ions ( 5 - 3 8 ) and ( 5 - 3 9 ) i n t o e q u a t i o n 
( 5 - 4 0 ) g i v e s 

p = - p s 0 . ( 5 - 3 9 ) 

R e f e r r i n g t o F i g . 1 . , i t can be seen t h a t the net f o r c e i n 
the p o s i t i v e z d i r e c t i o n i s g i v e n b y the i n t e g r a l , 

Trpa 

( 5 - 4 0 ) 

m 

(5-41) 
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o r 
•h o 

7/pa 

F z = 7rpa 2s / j ( - h L x + i L ) ( 5 - 4 2 ) S I ^ ( - U y X + I / z 

oo 
2 

+ 1 < X n
2 - l ) s i n h j W h + n a 2 ) [ - 2 ^ a y c o s h ( X n ^ ) 

n = l ' 'pa" 

c o s h ' V n ( x + h + J H 2 ) 
+ ?rpa 

s 2 c o s b i - ^ n J + a + ^ s i n h t e ) 
n 7 r p a 3 ' t ar \ p a 3 ' 

^ 2 u y [ s 2 ^ c o s h ( X f ^ ) - a t s i n h ( X n ^ ) ] 

+ s i n h 4 p ( h + - ^ - 2 ) [ 2 a t w y - s 2 ( W y h + v z ) j ) ] J dx . 

W h e n the i n t e g r a t i o n i s f i n a l l y c a r r i e d out , the z c o m p o ­
nent of f o r c e i s 

F z = » p a 2 s J — . 

oo 

„ 4 X n ( X n
2 - l ) s i n h ^ ( h + m ^ X n 1 ^ l 2 7 r p a 3 ) T l 2 » p a ^ 

n - i a \ 7rpa 
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tanhf^L m „\ 
'77p a ' 

s 2 + a + ^ t a n h ^ L ™ 
I d . X 

7 r p a 

(^yfs^n c o s h ( X n ^ ) - a t s i n h ( A n # ) ] 

+ [ 2 a t W y - s 2 ( U y h + V z ) ] s i n h ^ ( h + _£ 2 ,j J J 
( 5 - 4 3 ) 
c o n t ' d . 

I n a s i m i l a r f a s h i o n the m o m e n t i s found t o be 

( 5 - 44) 

w h e r e the f i r s t i n t e g r a l r e p r e s e n t s the c o n t r i b u t i o n o f the t a n k w a l l 
and the second t h a t o f the t a n k b o t t o m . U s i n g equat i ons (5 -38) and 
( 5 - 3 9 ) as b e f o r e g i v e s the m o m e n t : 

( 5 - 4 5 ) 

7 r p a 
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oo 

f ) ~2 T~, m~~ F 2 f W y c o s h ( X n - f ) ( 5 - 4 5 ) 
n y ( ^ 2 - l ) s i n h ^ ( h + ^ 2 ) L X n Y c o n t ' d . 

c o s h A i ( x + h + m ) 

s^cos 
-j— s * P a v ^ (2EL s 2 - ^ c o s h ^ ^ - a . s i n h ( X n - f r ) 

h ( ^ ) + a + J ^ s i n h / J ^ V y L X n ^ t n ^ ; J 
" 7 r p a " " L a V p a * 5 ' 

+ [2a (j - s 2 ( U y h + ^ z ) ] s i n h A i ( h + - E L ) 
7rpa 

x d x 

+ * P s / ) r [ U y ( h + —2)+vz] 
7rpa 

f 2 a J l < * n - P 
v — — 
n=i ( V - D W 

S - 2 ^ w v c o s h ^ ( h + 

Trpa 

m 
7rp a.' 

^ r p a 1 3 ' x a »7rpa^' 

+ [ 2 a t w y - s 2 ( W y h + F ) ] s i n h ^ i ( h + — 2 ) } ] J r 2 d r 
7rp a 

W h e n the i n t e g r a l s i n e q u a t i o n ( 5 - 4 5 ) a r e e v a l u a t e d , i t i s f ound t h a t 

M y = 7rp a 2 s ( 5 - 4 6 ) 

3 1 



^P 3 - J c o n t ' d . 

00 
+ % 2 a 2 

-A , 

pa-
n f 1 ^ n 2 ( A n

2 - l ) s i n h ^ { h + 7 r - m - 2 ) ^ S 2 + V a n h / V " ) 

( [2a u y - s 2 ( u y h + r z ) ] s i n h ^ . ( h + — 2 ) + 2 W y [ s 2 cosh(A n -|- ) 
7rp a 

- a . s i n M A + 4 f u y ( ^ ( h + ) s i n h ^ ( h + ™ 2 ) t a J / An y\2a v
 a Trpa^ 

+ | c o s h ( A n | ) - ^ s i n h t A n ^ ) - c o s h ^ ( h + ) j j J 

I n o r d e r t o use equat ions ( 5 - 4 3 ) and ( 5 - 4 6 ) i n m i s s i l e d y n a m i c s 
w o r k , i t i s c onven ient t o w r i t e the above r e s u l t s i n t e r m s o f f o u r 
t r a n s f e r f u n c t i o n s : 

F z o f _ m v 2 a s 2 t a n h ( » f a 1 3 ' •) 

( 5 - 4 7 ) 

J = ffpa28(__Ei ( h + l J £ ) ( 4 8 ) 

- ] Trpa^1 2 7rpa^ ' 
y ^ 

00 

+Y r 4 ^ s i n h / V ? J c o s h ^ ( h + 4 — J 
^ A n ( A n

2 - l ) s i n h ^ ( h + ™ j L * n ^ p a * a V ^ . p a 2 ' n = ! - n v - n a V" • 2 

7rpa 
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+ [ 2 a t - S 2 h ] s i n h L n ( h + ; ^ 2 , ) J j 
( 5 - 4 8 ) 
cont' d. 

J = 7 r p a 2 s ) a + ( h + l ( 5 - 4 9 ) 
7. J * ^Trpa 

n4i A ^ U ^ - D p + a ^ t a n h f - t o ) ] 

f ~ " ' P a S I * T a 2 ' h + V a 2 ' <5-50) 
y 

00 c / 

4 1 " P a 2
 n 4 1 X n

2 ( X n
2 - D s i n h | n ( h + H / V _ ' » 7 

a 7rpa3' 

( [ 2 a t - s 2 h ] s i n h - ^ ( h + ™ ) +2[B^coshlXIr^)-a^inhf^)] ) 

4 f n ( - t 2 < h + — 2> -inhi»(h + - 2 2 ) + ^ c o . h ( > n | » + Av, \ Za. ' 7Tpa 7r pa 

^ S i n h U n - | ) - c o s h ^ ( h + ^ - 2 ) ) ] } 

7rpa ' J J 
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